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Abstract
Axially symmetric, stationary solutions of the Einstein-Maxwell equations with
disconnected event horizon are studied by developing a method of explicit inte-
gration of the corresponding boundary-value problem. This problem is reduced to
non-leaner system of algebraic equations which gives relations between the masses,
the angular momenta, the angular velocities, the charges, the distance parameters,
the values of the electromagnetic field potential at the horizon and at the symmetry
axis. A found solution of this system for the case of two charged non-rotating black
holes shows that in general the total mass depends on the distance between black
holes. Two-Killing reduction procedure of the Einstein-Maxwell equations is also
discussed.
1
1 Introduction
In this paper we study axially symmetric, stationary solutions of the Einstein-
Maxwell equations having disconnected event horizon (N black holes). The so-
lutions of this kind have been known since the early days of the general relativity
Ref. [1] and, from our point of view, are among the most interesting exact solutions
of the Einstein equations. A great merit of these solutions is that they have a clear
mechanical interpretation. It allows us to hope that the solutions of this class will
help us to understand N-body problem which, we think, is one of the most fun-
damental and difficult problem of the classical general relativity. We begin from
description of the main physical properties of these solutions.
In general the solutions of this family are parameterized by the mass, the charge,
the angular momentum of each of the black hole and by the distances between them.
Conical singularities at the non-extreme symmetry axis components prevent the fall
of the black holes on each other. Interpreting these symmetry axis components
as ’matter strings’ we get a natural definition of the interaction force between the
black holes, namely, the tension of ’string’. It is exactly equal to the deficit angle
of conical singularity Ref. [1](see also Ref. [2]). The interaction force of two non-
charged black holes tends to the Newtonian limit as the distance parameter becomes
large Refs. [1, 3] and goes to infinity as the distance parameter approaches the value
for which two components of the horizon intersect Ref. [4]. The generalization of
these results for the case of charged black holes hasn’t been done yet.
It is worth mentioning that for so-called extreme black holes (the horizon is con-
tracted to points) the interaction force can be equal to zero Ref. [5]. Unfortunately,
this is the only known case when the balance between the gravity attraction force
and the electromagnetic repulsion force takes place.
The total mass of N Schwarzschild black holes in equilibrium doesn’t depend on
the distances. However, it is a function of the distance parameters for the rotating
black holes that is stipulated by the spin-spin interaction of the black holes. The
charge ’densities’ of the black holes must also effect on the total mass since some
part of the energy is needed for the charge redistribution in the final black hole.
In the case of the static model we find that the mass of two charged black holes
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depends on the distance parameter when their charge ’densities’ are different. To
determine the masses of the black holes one must solve very complex constraint
equations for the angular momenta and the angular velocities of the black holes
Ref. [6]. A partial solution of these constraints was found in Ref. [3]. We obtain the
equations for the physical parameters of the charged black holes in this paper.
Despite of the presence of the conical singularity the gravity action on the sta-
tionary N black holes solutions remains finite. It allows us to construct the thermo-
dynamics for the system of N black holes. The thermodynamic properties of this
system are known only for non-rotating black holes Ref. [7]. The surface area of
the horizon of two Schwarzschild black holes increases when the distance parameter
decreases.
All stationary, axially symmetric solutions with disconnected event horizon sat-
isfy a certain boundary-value problem for the Einstein-Maxwell equations. The
boundary conditions of this problem are the regularity conditions for the symmetry
axis and for the event horizon Ref. [8]. The condition of asymptotic flatness is a
part of the event horizon definition. The uniqueness and existence theorem for this
problem was proven in Refs. [2, 4, 9, 10] for non-charged black holes, and in Ref. [11]
for charged ones.
The Einstein-Maxwell equations with two commuting symmetries belong to a
wide class of completely integrable equations in the sense: they can be written as
compatibility conditions for some auxiliary linear system of equations Refs [13, 14,
15, 16]. Using this fact one can derive 2N-soliton solution. The 2N-soliton solutions
do not necessarily include the family of the solutions studied in this paper. However,
we have showed Ref. [6] that N black holes (non-charged) family is a subclass of the
2N-soliton family of Belinskii-Zakharov Ref. [17].
The 2N-soliton solutions of the Einstein-Maxwell equations can be constructed
by a slight modification of the Belinskii-Zakharov method Ref. [16]. Different ap-
proaches were applied in Refs. [13, 15, 18]. The 2N-soliton family of Refs. [13, 15]
can not contain the black holes solutions (likely, the family of Ref. [18] either). It
was extended in Ref. [19] with the use of the technique suggested in Ref. [20]. A
key problem with the 2N-soliton solution is that this solution has extra parameters
which must be excluded from it to get N black holes solution. The only way to do
3
this is to satisfy the regularity conditions of the horizon and the symmetry axis by
imposing some constraints on the parameters. In this paper we use these conditions
at the beginning.
In the end of this section we wish to emphasize that physical solutions for two
black holes in equilibrium are those the interaction force of which is equal to zero.
In the next section we state the boundary-value problem, which defines N
charged rotating black holes in equilibrium strictly.
2 Boundary-value problem
In this section we formulate the boundary-value problem for the Einstein-Maxwell
equations, which describes the all possible axially symmetric, stationary solutions
having disconnected event horizon. Space-time manifold is said to be stationary and
axial symmetric if there are two commuting Killing fields of which one is timelike,
kµ, and the other is spacelike, mµ. The vector fields kµ and mµ are generators of
the isometry groups which are isomorphic R and SO(2) respectively. We denote
these fields K0 = k and K1 = m either. By definition, the vector fields KA satisfy
the Killing equation and commute,
∇µKAν +∇νKAµ = 0, [KA,KB ] = 0. (1)
Indexes denoted by the Latin capitals run 0 and 1.
It is more convenient to state the conditions for the self-dual electromagnetic
field F †,
F † = F + i ∗ F, ∗Fµν =
1
2
eµναβF
αβ,
than for the electromagnetic field F . Here, eµναβ is the alternating tensor and ∗
is the Hodge operator. We assume that F † is invariant under the action of the
isometry groups, viz
LKAF
† = 0, (2)
where LKA is the Lie derivative in the direction KA, and the field circularity condi-
tion holds,
F †µνK
µ
AK
ν
B = 0. (3)
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Using F † we can write the Einstein-Maxwell equations in the form
Rµν = 8πT
µ
ν , T
µ
ν =
1
8π
F †ναF¯
†µα, ∇[µF
†
να] = 0. (4)
Let us introduce notations
gAB = KAµK
µ
B , ΦαA = F
†
αβK
β
A (5)
and a matrix-valued twist potential
ωαAB = e
αµνβKAµ∇νKBβ . (6)
From the Maxwell equations and the condition (2) we get that
ΦαA = ∇αΦA. (7)
A simple corollary of the definitions (5) and (6) is
eµνθβω
β
ABK
θ
CK
ν
D = gAC∇µgBD − gAD∇µgBC . (8)
Let us now recall the basic properties of the Killing fields
∇µ∇νKαA = RβµναK
β
A, ∇
µ∇αKµA = RαβK
β
A,
which are consequence of Eq. (1) and the curvature tensor definition. Using them
it is easy to check that
∇[αωβ]AB + eαβµνK
µ
AR
νγKγB = 0. (9)
Furthermore, from the Einstein-Maxwell equations we see that
eαβµνK
µ
AR
νγKγB = eαβµνK
µ
AF
†νδF¯ †γδK
γ
B = −ieαβµνK
µ
A ∗ F
†νδF¯ †γδK
γ
B
= i(Φ¯αBΦβA − Φ¯βBΦαA) = 2i∇[α(Φ¯B∇β]ΦA).
Hence, the identity (9) can be written in the following form
∇[αωβ]AB + 2i∇[α(Φ¯B∇β]ΦA) = 0. (10)
From Eq. (10) we conclude that there exists a matrix potential Y such that
∇αYAB = ωαAB + 2iΦ¯B∇αΦA.
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The last equation gives
eµνθα∇
αYABK
θ
CK
ν
D = eµνθαω
α
ABK
θ
CK
ν
D + 2iΦ¯Beµνθα∇
αΦAK
θ
CK
ν
D. (11)
It can be shown that the condition (3) is equivalent to the existence of a two-
surface which is orthogonal to both Killing fields. From now on we chose a coordinate
system adopted to the Killing fields, K0 =
∂
∂x0
, K1 =
∂
∂x1
, x0 = t, x1 = ϕ. Then
ds2 = γabdx
adxb + gABdx
AdxB , (12)
where γab and gAB don’t depend on t, φ. From the condition (3) we derive that F
†
can be represented in the form
F †αβ = 2g
ABΦA[αKβ]B. (13)
Here gAB denotes (g−1)AB . The self-dual property of F
† leads to the identity
gABeαβµνΦ
µ
AK
ν
BK
β
C = iΦαC . (14)
Restricting the equation (11) to the two-surface that is orthogonal KA and using
Eq. (8) we obtain
ρǫCD ∗ dYAB = gADdgBC − gACdgBD + 2iρǫCDΦ¯B ∗ dΦA. (15)
Here ∗ is the Hodge operator with respect to γab and
−ρ2 = det g, ǫ01 = 1, ǫAB = −ǫBA.
Projection of the identity (14) to the same surface gives
ρgABǫBC ∗ dΦA = idΦC . (16)
In the matrix notations, Eqs. (15) and (16) can be written as
ρ ∗ dY = −gǫdg + 2iρ ∗ dΦΦ∗ (17)
and
dΦ = iρǫg−1 ∗ dΦ. (18)
Here Φ is a column vector and Φ∗ is its Hermitian conjugation; Φ∗ = (Φ¯0, Φ¯1).
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With the help of Eq. (17) and Eq. (18) we can show that the Einstein-Maxwell
equations take the form [21]
d(ρG−1 ∗ dG) = 0, (19)
where
G =

 g + 2ΦΦ∗ Φ
Φ∗ 1/2

 ; G−1 =

 g−1 −2g−1Φ
−2Φ∗g−1 4Φ∗g−1Φ+ 2

 . (20)
Notice that
G∗ = G, detG = −
ρ2
2
. (21)
To prove (19), we note first that
ρG−1 ∗ dG =

 ǫdY iǫdΦ
−2Φ∗ǫdH + 2id(Φ∗ǫg) −2iΦ∗ǫdΦ

 (22)
where H is Kinnersley’s potential [22], dH = dY + idg. So, we need only to check
the validity of the following identities
dΦ∗ ∧ ǫdΦ = dΦ∗ ∧ ǫdH = 0.
From Eq. (17) and Eq. (18), it is easy to see that
dH = iρǫg−1 ∗ dH. (23)
Then, we have
dΦ∗ ∧ ǫdΦ = ∗dΦ∗ ∧ ǫ ∗ dΦ = −dΦ∗ ∧ ǫdΦ = 0
and
dΦ∗ ∧ ǫdH = ∗dΦ∗ ∧ ǫ ∗ dH = −dΦ∗ ∧ ǫdH = 0.
Here we use the standard property of the Hodge operator with respect to γab and
the equations (18), (23).
It is worth mentioning that the same equation (19) was derived in Ref. [14] but
the matrices G defined there and here are different.
We now turn to discussion of the boundary conditions. From Eq. (19) one sees
that d ∗ dρ = 0. Let ρ and z, where z defined by dz = ∗dρ, be a coordinate system
of the two-surface. Then
γabdx
adxb = f(z, ρ)(dρ2 + dz2), dz = ∗dρ, dρ = − ∗ dz.
7
One can prove that the function f(z, ρ) is uniquely determined by the matrix G.
We won’t write these equations since they aren’t need us in this paper. Virtually,
the factor f is irrelevant to the problem of N black holes since we can compute the
interaction force using the properties of the metric coefficient g11 Ref. [3]. Let us
remark that the Hodge operator is conformally invariant and independent of f .
Define
g00 = −V, g11 = X, g01 =W.
The event horizon and the axis of symmetry can be described as follows. The set of
points with ρ = 0 and X = 0 is the symmetry axis while the set of points with ρ = 0
and X > 0 is the event horizon. Denote through zk (k = 1, . . . , 2N N-black holes) z-
coordinates of the intersection points of the horizon and the symmetry axis. Then an
interval Ii = [z2i, z2i−1] corresponds to the horizon of ith black hole. The symmetry
axis components we denote by Γi for i = 1, . . . , N + 1 where Γi = (z2i−1, z2i−2). It
is assumed that z0 = −∞ and z2N+1 = +∞.
We pass to a new coordinate system in a neighborhood of ith black hole,
ρ2 = (λ2 −m2i )(1− µ
2), mi =
z2i − z2i−1
2
,
z −
z2i + z2i−1
2
= λµ.
For this coordinate system the horizon and the symmetry axis regularity conditions
can be written in the form [8]
(
1 Ωi
0 1
)
g
(
1 0
Ωi 1
)
=
(
(λ2 −m2i )Vˆ (λ, µ) ρ
2Wˆ (λ, µ)
ρ2Wˆ (λ, µ) (1− µ2)Xˆ(λ, µ)
)
, (24)
(Φ0 +ΩiΦ1) = Φ
H
i + (λ
2 −m2i )Φˆ0(λ, µ), Φ1 = Φ
A
i + (1− µ
2)Φˆ1(λ, µ), (25)
where Φˆ0, Φˆ1, Xˆ, Vˆ Wˆ are smooth functions nowhere equal to zero, and Ωi,Φ
H
i
ΦAi are some constants. The second condition of (25) is understood as the regu-
larity condition for the electromagnetic field in the vicinity of the symmetry axis
components, Φ1 = Φ
A
i in ith component (i = 1, . . . , N + 1) of the symmetry axis.
The constant Ωi is the angular velocity of ith black hole. Note that one can derive
the conditions for the imaginary part of Φ from the results of Ref. [8] using the
equation (18).
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In addition, we require that
X = ρ2(1 +O(1/r)), W = ρ2O(1/r3), V = 1 +O(1/r), (26)
Φ0 = O(1/r), Φ1 = O(1), (27)
as r →∞ where r =
√
z2 + ρ2 and the asymptotics (26) and (27) are differentiable.
In particular, Φ1,z = O(1/r) and Φ1,ρ = O(1/r). The function Φ1 is given up to an
additive constant which we fix requiring that
lim
z→−∞
Φ1(z, ρ) = Φ
A
1 = iq¯, lim
z→+∞
Φ1(z, ρ) = Φ
A
N+1 = −iq¯, (28)
where q is the total charge of the system (see below). The last condition is compat-
ible with the equations (19).
The charge of jth black hole is defined by an integral
q¯j = Qj − iPj = −
1
4π
∫
Sj
F †µνdSµν , (29)
where Qj is the electric charge, Pj is the magnet monopole charge and Sj is a two-
surface surrounding jth black hole. We assume that the two-surface belongs to a
spacelike hypersurface which is invariant under the action of the rotational isometry
and its normal orientation is chosen in the direction of the space infinity. Let Sj be
a surface of revolution of a curve Cj . Then
q¯j =
i
2
∫
Cj
dΦ1 =
i
2
(ΦAj+1 − Φ
A
j ). (30)
Taking this into account we see that the constant q in the normalization condi-
tion (28) is the sum of the charges of all black holes q =
∑
qi.
The mass and the angular momentum of the system are defined by integrals
M = −
1
4π
∫
S∞
kµ;νdSµν , L =
1
8π
∫
S∞
mµ;νdSµν , (31)
where S∞ is the space infinity which is a two-sphere. Using Stokes’ theorem and
the Einstein-Maxwell equations we obtain
L =
∑
i
Li, Li =
1
8π
∫
Hi
LµνdSµν , Lµν = mµ;ν − Φ1F¯
†
µν , (32)
and
M =
∑
i
Mi, Mi = −
1
4π
∫
Hi
MµνdSµν , Mµν = kµ;ν − Φ0F¯
†
µν . (33)
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Here Hi is the horizon component. Since the horizon is a two-surface of revolution
we get
Li = −
1
8
(Y¯11(z2i)− Y¯11(z2i−1)), Mi =
1
4
(Y¯10(z2i)− Y¯10(z2i−1)). (34)
A simple corollary of the boundary conditions (24) and (25) is the identity Y10,z +
ΩjY11,z|Ij = 2 + 2iΦ¯
H
j Φ1,z. Using it we find that
Mi = mi + 2ΩiLi +Φ
H
i qi. (35)
Recall mi = (z2i − z2i−1)/2.
Under the gauge transformation Φ1 → Φ1 + a the quantities Mi and Li change
as Mi →Mi− aΩiqi and Li → Li−
1
2aqi, respectively. We define the physical mass
and the angular momentum of one black hole by formulas
Mphi =Mi +Ωiqi
ΦAi+1 +Φ
A
i
2
, Lphi = Li + qi
ΦAi+1 +Φ
A
i
4
, (36)
ΦAi+1 +Φ
A
i
2
= i
N∑
i+1
q¯k − i
i−1∑
1
q¯k.
Notice that Mphi and L
ph
i are real and exactly equal to the mass and the angular
momentum of the isolated black hole, respectively. In addition,Mphi and L
ph
i satisfy
Eq. (35) hence the product qiΦ
H
i is a real quantity.
In the end of this section we state the boundary conditions for Eqs. (19). From
Eqs. (24), (25) we deduce that
ρG,ρG
−1 =


0 −Y¯00,z 2Φ
A
i Y¯00,z
0 −Y¯01,z 2Φ
A
i Y¯01,z
0 iΦ¯0,z −2iΦ
A
i Φ¯0,z

 , (37)
as ρ = 0 and z ∈ Γi while
ΩˆiρG,ρG
−1Ωˆ−1i =


Y¯10,z 0 −2Φ
H
i Y¯10,z
Y¯11,z 0 −2Φ
H
i Y¯11,z
−iΦ¯1,z 0 2iΦ
H
i Φ¯1,z

 , Ωˆi =


1 Ωi 0
0 1 0
0 0 1

 , (38)
as ρ = 0 and z ∈ Ii and ρG,zG
−1 = O(1) as ρ→ 0.
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3 Constraint equations
Not all of the parameters introduced in the previous section are independent. In this
section we discuss a way of deriving the relations between the masses, the angular
momenta, the angular velocities, the charges, the distance parameters, the values
of the electromagnetic field potential at the horizon and at the symmetry axis.
The system of equations (19) is a compatibility condition of the following pair
of matrix linear differential equations [23]
D1ψ =
ρ2G,zG
−1 − ωρG,ρG
−1
ω2 + ρ2
ψ, D2ψ =
ρ2G,ρG
−1 + ωρG,zG
−1
ω2 + ρ2
ψ, (39)
where D1,D2 are commuting differential operators,
D1 = ∂z −
2ω2
ω2 + ρ2
∂ω, D2 = ∂ρ +
2ωρ
ω2 + ρ2
∂ω,
and ω is a complex parameter that doesn’t depend on the coordinates. Studying
the non-charged black holes in Ref. [6] we have showed that well-known methods of
investigation of completely integrable equations [24] can be applied to the problem
of N black holes. Moreover, this problem occurs to be explicitly solvable provided
that the relations between the parameters are found. We proceed discussing the
principle steps of Ref. [6].
Let ω be a root of the equation
ω2 − 2ω(k − z)− ρ2 = 0, (40)
where, now, k is an independent spectral parameter. From Eq. (40) it follows that
∂zω = −
2ω2
ω2 + ρ2
, ∂ρω =
2ωρ
ω2 + ρ2
.
Hence, ψ′(k) = ψ(ω(k)) is a solution of the linear equation
∂zψ
′(k) =
ρ2G,zG
−1 − ωρG,ρG
−1
ω2 + ρ2
ψ′(k). (41)
Invariance of Eq. (40) with respect to the transformation ω → −ρ2/ω allows us
to fix a branch of the function ω(k) through the inequality |ω| > ρ. Then, from
Eq. (40) we see that
ω → 2(k − z), ρ→ 0, ω → 2(k − z), z →∞.
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After choosing a branch of ω, we can define the monodromy matrix T (z, y),
which, by definition, is a solution to Eq. (41) such that T (y, y) = I. Using the
boundary conditions (37) and (38), T (z, y) can be explicitly evaluated at ρ = 0.
More precisely, for ρ = 0 and z, y ∈ Γi one obtains
T (z, y) =


1 Y¯00(z)−Y¯00(y)2(k−y) −Φ
A
i
Y¯00(z)−Y¯00(y)
k−y
0 k−z
k−y − iΦ
A
i
Φ¯0(z)−Φ¯0(y)
k−y 2Φ
A
i (
z−y
k−y + iΦ
A
i
Φ¯0(z)−Φ¯0(y)
k−y )
0 −i Φ¯0(z)−Φ¯0(y)2(k−y) 1 + iΦ
A
i
Φ¯0(z)−Φ¯0(y)
k−y

 ,
while for ρ = 0 and z, y ∈ Ii one gets
T (z, y) = Ωˆ−1i


k−z
k−y + iΦ
H
i
Φ¯1(z)−Φ¯1(y)
k−y 0 2Φ
H
i (
z−y
k−y − iΦ
H
i
Φ¯1(z)−Φ¯1(y)
k−y )
− Y¯11(z)−Y¯11(y)2(k−y) 1 Φ
H
i
Y¯11(z)−Y¯11(y)
k−y
i Φ¯1(z)−Φ¯1(y)2(k−y) 0 1− iΦ
H
i
Φ¯1(z)−Φ¯1(y)
k−y

 Ωˆi
The reduced monodromy matrix T (k) is defined by
T (k) = lim
y→−∞,z→+∞
e−1+ (k, z)T (z, y)e−(k, y), (42)
where
e±(k, z) =


1 0 0
0 ω(k, z) ∓2iq¯
0 0 1

 .
The matrix T (k) doesn’t depend on ρ. It is a consequence of the conditions (26),
(27) and (28). Furthermore, as z ∈ ΓN+1 and y ∈ Γ1 the monodromy matrix T (z, y)
can be presented in the form
T (z, y) = T (z, z2N )T (z2N , z2N−1) . . . T (z1, y).
Taking the last formula and the known expressions for T (z, y) at ρ = 0 into account
one finds the limit (42) easily. We write the result in the following form
T (k) = KN+1TNKNTN−1 . . . K2T1K1. (43)
Here
Tj =


1−
2Mj
k−z2j−1
−4ΩjMj
4Mjφ2j−1
k−z2j−1
2Lph
j
−i|qj|
2
(k−z2j)(k−z2j−1)
k−z2j−1
k−z2j
+
2(2Lph
j
−i|qj |
2)Ωj
k−z2j
2iq¯j
k−z2j
−
2(2Lph
j
−i|qj|
2)φ2j−1
(k−z2j)(k−z2j−1)
−
qj
k−z2j−1
−2qjΩj 1 +
2qjφ2j−1
k−z2j−1


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and
Kj =


1 Dj 0
0 1 0
0 −i(φ¯2j−1 − φ¯2j−2) 1

 ,
where Dj = Y¯00(z2j−1)− Y¯00(z2j−2) and φk = Φ0(zk). Recall z0 = −∞ and z2N+1 =
+∞. We note also that
φ2j = Φ
H
j − ΩjΦ
A
j+1, φ2j−1 = Φ
H
j − ΩjΦ
A
j
and 2Lj +Φ
A
j+1qj = 2L
ph
j − i|qj |
2.
The equations (39) are invariant with respect to the transformations
ψ(ω)→ G(ψ∗(−
ρ2
ω¯
))−1, ψ(ω)→ Φg(ω)ψ
∗(ω¯)−1,
where
Φg(ω) =


2|Φ0|
2 2Φ0Φ¯1 − iω Φ0
2Φ1Φ¯0 + iω 2|Φ1|
2 Φ1
Φ¯0 Φ¯1 1/2

 .
Thus, the reduced monodromy matrix T (k) has to satisfy
T (k) =

 −I 0
0 12

T ∗(k¯)

 −I 0
0 2

 (44)
and
T (k) =

 σy 0
0 12

T ∗(k¯)−1

 σy 0
0 2

 . (45)
Here I is the unit 2x2 matrix, σy is the Pauli matrix and T
∗ is the Hermitian
conjugation of T . The matrix T (k) can not satisfy Eq. (44) if the physical parameters
are arbitrary. This equation (44) defines the relations between the parameters.
Unfortunately, these relations are quite complicated and we can study them in
particular cases only.
Let us consider one black hole first. From Eq. (44) we obtain
D1 = 2Ω1M1 −
i|q1|
2M1Ω1
L1
, D2 = 2Ω1M1 +
i|q1|
2M1Ω1
L1
and
φ1 = (φ
H − iΩ1)q¯1, φ2 = (φ
H + iΩ1)q¯1, φ
H =
L1 +M1Ω1|q1|
2
2L1M1
.
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Then, the equations (44) and (35) are eventually reduced to the familiar formulas
for the mass and the angular velocity of one black hole, viz
Ω1 =
a
(M1 +m1)2 + a2
, M21 = m
2
1 + a
2 + |q1|
2, a =
L1
M1
.
We can solve Eqs. (44) for the case of two non-rotating black holes(Ω1 = Ω2 = 0)
with the charges of the magnet monopoles equal to zero (P1 = P2 = 0) as well. In
this case, Lph1 = L
ph
2 = 0, M
ph
1 = M1 and M
ph
2 = M2, while Eqs. (44) and (35) are
eventually reduced to a system of two equations
M1 = m1 + φ
H
1 Q
2
1, M2 = m2 + φ
H
2 Q
2
2, (46)
where
φH1 =
1
M1 +m1
(
1 +
2M1Q2 − 2M2Q1
Q1(M1 +M2 +R)
)
,
φH2 =
1
M2 +m2
(
1−
2M1Q2 − 2M2Q1
Q2(M1 +M2 +R)
)
,
and R is a distance parameter chosen such a way that z1 = −m1, z2 = m1, z3 =
R−m2 and z4 = R+m2. For completeness, we note that
D1 = −iΦ
H
1
2
, D2 = −i(Φ
H
2
2
− ΦH1
2
), D3 = iΦ
H
2
2
and
ΦH1 = φ
H
1 Q1, Φ
H
2 = φ
H
2 Q2.
The system of Eqs. (46) is one of the main results of this paper. It gives the
relations between parameters M1,M2 and m1,m2. It is preferred to consider mi,
which are the irreducible masses, as independent parameters of the problem. First,
because they describe the event horizon. Secondly, in the general relativity, there is
no notion of the energy density hence, we think, there is no sense to fix the mass of
ith black hole. Moreover, the total mass M = M1 +M2 contains the energy of the
electromagnetic field surrounding the black holes as well. Let mi be independent
parameters then in the general case the massesMphi become functions of the distance
parameter. These functions must be derived from Eqs. (44) and (35).
In the particular case of Eqs. (46) we see that M1 and M2 don’t depend on R
only if M1Q2 = M2Q1. This is true if m1Q2 = m2Q1. The quantities Qi/2mi have
the sense of charge per unit length. Hence, if the charge density of two black holes
treated as one dimensional objects, namely, the intervals Ii are different the total
mass of the system depends on the distance between the black holes.
14
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